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Abstract

We derive burst error correctable length of the low-
density parity-check (LDPC) codes by the iterative
decoding algorithms. By results of simulation, we
show that the decoding performance of iterative decod-
ing algorithms for the LDPC codes over the Markov-
modulated binary symmetric channels (MM-BSC) are
affected by the distance between elements (DBE). We
also show that some column permuted LDPC codes
that have larger DBE, have robustness in error per-
formance over the MM-BSC, compared to the original
LDPC codes.

1. Introduction

Iterative decoding algorithms of low-density parity-
check (LDPC) codes [4] for channels with memory,
such as the Markov-modulated channels (MMC), have
been studied [3], [7] as well as for memoryless chan-
nels. These works have derived the iterative decoding
algorithms combined with channel state estimation al-
gorithm, such as the BCJR algorithm [1]. However,
these works have not been much studied on the code
structure of the LDPC codes.

In this paper, we consider the burst error correct-
ing capability of the LDPC codes assuming the itera-
tive decoding algorithms, such as the bit-flip (BF) and
the sum-product (SP) decoding algorithms. We first
introduce the distance between elements (DBE) [5] as
a distance between elements of 1 at each rows of parity-
check matrix of the LDPC codes. Then we derive burst
error correctable length of the LDPC codes by the it-
erative decoding algorithms that depend on the DBEs.
We also point out by results of simulation that some
conventional construction methods with small value of
the DBEs have weakness in error performance for the
Markov-modulated binary symmetric channels (MM-
BSC). We then propose a new modification method for
construction of LDPC codes to make them robustness
in error performance over the MM-BSC, compared to
the original codes.
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2. Preliminaries

2.1. LDPC codes [4]

Let H = [H,,,] be a parity-check matrix whose row
and column lengths are M and N, respectively, and
c=(ci,c2, ...,cn) € {0,1}Y be a codeword of LDPC
codes such that cHT = 0. (N,w,,w.) LDPC codes
have parity-check matrix with uniform weight w, and
w, for each row and column, respectively. We define
the following construction methods of LDPC codes.
Definition 1 (The Method G). LDPC codes given
by the method G consists of w, pieces of N/w,.(2 p)x N
submatrices Hg), i = [1,w.], where row and column
weight are w, and 1, respectively [4]. The elements of
first submatrix such that Hg) = [Hgk)], ke l,p], are
given by

L,
0,

Definition 2 (The Method P). LDPC codes given
by the method P consists of w,w,. pieces of px p subma-

n € [(k— Dw, + 1, kw,];

1 2
H otherwise.

Grn O

trices Hg"j), j = [1,w,], whose row and column weight
are 1 [4]. |

A parity-check matrix is represented by the bipartite
graph, which consists of two types of nodes called check
nodes indexed by position of rows, and symbol nodes
indexed by position of columns. A check node m and a
symbol node n are connected with an edge if and only
if Hy,,, = 1. A loop in the bipartite graph is a closed
pass that starts from a symbol node and returns to the
same symbol node through edges without passing the
same edges more than once. A length of a loop is a
number of edges of the closed pass.

2.2. The BF and the SP decoding algorithms

The BF and the SP decoding algorithms are itera-
tive algorithms to estimate a transmitted codeword at
symbol by symbol from a received sequence with up-
dating two types of messages on the edge: messages



from a symbol node to a check node and wice versa, re-
spectively. We define the following sets for all (m,n),
m € [1, M], n € [1, N], such that H,, = 1.

A(m) = {n: Hyn =1} ={0m,1,Mm2, - s Nmw, |

AN
B(n) = {m Hpy = 1} = {mn,lamn,% S 7mn,wc}7

where npm1 < N2 < oo < N, a0d My 1 < My 2 <
... < My, , Tespectively.

[The BF decoding algorithm]

In the case of the BF decoding algorithm, messages
are defined by 7‘7(7% and uﬁ,l)n where [ denotes the number
of iterations.

bl) For each (m,n) satisfying H,, = 1, set r9) =

Yn. Set [ :=1.
b2) For each (m,n) satisfying H,,, = 1, set Uff%)n as

following:
U= Y T (1)
n’€A(m)\n

b3) For each (m,n) satisfying H,,, = 1, set O

following:

a,
(s

b4) For each n, set énl) as following:

if Vvm' € B(n) \ m, o =

) m'n —
otherwise.

. l
o) — { a, ifVm € B(n), o, = a; 3)
" Yn, Otherwise.
b5) If | = ;4. or éH™ =0, then &Y as an estimated
sequence and stop the algorithm. Otherwise set [ :=
[+ 1 and go to b2).

[The SP decoding algorithm)]
In the case of the SP decoding algorithm, messages
are defined by o, and ﬁ,ﬁ?n The log likelihood ratio

. Pr(ynlen=
(LLR) is defined by A, £ %.

s1) For each (m,n) satisfying H,,, = 1, set @(7% =
An. Set [ :=1.

s2) For each (m,n) satisfying H,,, = 1, set all), as
following:

a%)n = Qtanh_l( H
n’€A(m)\n

tanh (27" 1(72;/1))) . (4

s3) For each (m,n) satisfying H,,, = 1, set TT(fl)n as

following:
B = kD0 (5)
m’€B(n)\m

s4) For each n, set ég)

. 1
w10, i A+ 2B Oty > 0; (6)
" 1, otherwise.

as following:

$5) If | = lypan or éHT = 0, then &9 as an estimated
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2)

sequence and stop the algorithm. Otherwise set [ :=
[+ 1 and go to s2).

2.3. MM-BSC

We assume a codeword of the LDPC code, denoted
by c is transmitted through the MM-BSC. ¢ is dis-
turbed by additive noise z = (21, 22, ..., zn) € {0, 1}V
and the decoder receives a sequence y = ¢ ® z. The
decoder estimates the transmitted codeword from the
received sequence. The MM-BSC is hidden Markov
model that consists of state set S = {S1, Sa, ..., S5}
with transition probability p(s|s’) from the state s’ € S
to the state s € S, and the stational probability dis-
tribution ® = (ms,, s, ..., 75 ). Following to the
state transition of channels at time n, z, is generated
as channel noise. Let P be the error probability at
state s, then the average error probability of the MM-
BSC is pave £ ZsES s Ps.

3. Proposed modification method

3.1. Distance between elements

We define the distance between elements (DBE) as
a distance between elements of 1 at each row of the
parity-check matrix.
Definition 3 (The DBE). The DBEs d,,,, m €
[1,M], v € [1,w, —1], and the minimum value of DBEs
Dy are defined by the following equations, respec-
tively:

dm'y = nm,'erl - nm,'ya (7)

Diin £ min dm’y- (8)
m,y

O

DBEs of the first submatrix of LDPC codes con-
structed by the method G are fixed to 1, so the distribu-
tion of DBEs is drawn to 1. The average value of DBEs
of the LDPC codes constructed by the method P is
maximum, so for a given parameter of (N, w,, w.), val-
ues of DBEs take relatively large [5]. Remark that the
DBE is similar to the minimum space distance (MSD)
[6] as a minimum value of zero-runs between elements
of 1 for all rows of parity-check matrix.

3.2. Modification method for constructions of
LDPC codes

For a parity-check matrix, the values of DBE are
changed by column permutation. While column per-
muted parity-check matrices are equivalent to each
other for memoryless channels in a sense that param-
eter of the code, such as length of the code, or weight
distribution of the codewords are invariant. In addi-
tion, distribution of length of loops in the bipartite
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Figure 1: Cumulative frequency distribution of DBEs.

The left and right figures are for Ny and Ns, respec-
tively.

graph is not changed, so the decoding performance over
the memoryless channels of the BF and the SP decod-
ing algorithms influenced by short loops, would also be
unchanged.

Definition 4 (The Permuted G (P)). For a given
code constructed by the method G (P), LDPC codes
given by the permuted G (P) is obtained by permut-
ing columns of their parity-check matrix to have large
minimum value of DBE. ]

3.3. Cumulative frequency distribution of DBE

Figure 1 shows cumulative frequency distribution
of DBEs of the (N;,4,3), i = 2,3, LDPC codes con-
structed by the method G and P, and the permuted G
and P, where Ny = 10* and N3 = 10°, respectively.
We can see from the figure that the cumulative fre-
quency distribution of the method G differed from those
of other methods. It is because that all of DBEs of the
first submatrix of the method G are fixed to 1.

4. Some burst-error correcting capability at the
first iteration

In this section, we will show some burst error cor-
recting capability of the LDPC codes, assuming the BF
and the SP decoding algorithms. In order to correct at
the first iteration, an estimated sequence &M must be
satisfied one of the following conditions:

S-A) y, # ¢, and e =c,.
S-B) y, = ¢, and Al

Cn’' = Cp.

4.1. The assumptions

We assume that a codeword c is disturbed by a
burst error of length b. We also assume that the
(N, wy,we), wr > we > 1, LDPC codes have no loops
of length four, since at the first iteration of decoding
procedures have not been affected by loops of length
greater than four. When we consider burst error cor-
recting capability of the LDPC codes by the BF and
the SP decoding algorithms at the first iteration re-
spectively, we should give some more detailed defini-

Uncorrectable burst error of length
(nyik+s)  (Nuik41)

k+3 P
[ |
E(nvik+1) (nyirq2) (nyikjrs)
N Ny Npyo Npyg o
1 11 Tht1
H = 1 1 42
L1 1] kg3
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Figure 2: An example of uncorrectable burst error for
yn by the BF decoding algorithm when w. = 3.

tion about the DBEs. Let A™M(n) be the index sets of
column of the parity check matrix H defined as
AD(n) & Am') \ {n} = {n]""},

Jj=1[1v],m i; € B(n),
<n < e < nl(,"’i“) and v £ (w, —
1)w.. The nth estimated symbol at first iteration ég)
depends on received symbols y,/, n’ € A1) (n).

Lemma 1. The BF and the SP decoding algorithms
can correct y, which is in error, after the first iter-
ation when odd number of errors have occurred at
m’ € B(n)th parity-check equations. o

n,: n,t
where ng 2 g 2)

4.2. Burst-error correcting capability at the
first iteration by the BF decoding algorithm

Lemma 2. The BF decoding algorithm cannot correct
at the first iteration when even number of errors have
occurred in at least one parity-check equations. a

From lemma 2, it is clear that the DBEs may have
large value to correct long burst errors. From lemmas
1, 2, the condition S-A) is satisfied for n € [1, N] if and
only if lemma 1 is satisfied.

Lemma 3. The burst error correctable length of the BF
decoding algorithm at the first iteration (BECL-BF1)

1)

at symbol n denoted by d satisfies the following

. min,n
equations:
(1) _ : (Nyiktwe) (nyik41)
dmin,n - ke[{)ltlul?wc] nk+wc R EN . (9)

et 17427 Tkt we

And the BECL-BF1 denoted by Dfil)n satisfies the fol-

lowing equations:
min {dgznn }, Doin } .

DY — min{ (10)
n€([l,N]

min

Proof. Consider that w, received symbols of positions

(nyint1) | (niky2) (Nyihtwe) 7. _
My Mgy s Mgy , k=10,v —w,], such

that ig41 # igya # Tg+w, are in errors, then



condition S-B) is not satisfied. So, burst error of length

,(cizﬁ“”“) —ngjr’zl’““) +1 which has occurred at positions
n%_’i’““% ng;’;’““), e ;ﬂj_’:l’j*wc) cannot be corrected at
c

the first iteration. So, equation (9) has been derived.
The equation (10) follows from the lemma 2. If a
burst error of length b > D,,;, has occurred, then at
least one parity check equations may have even number
of errors which cannot be corrected at the first itera-
tion. From equation (9), BECL-BF1 corresponds to the
smaller value of minimum value of d&zn ns V0 € [1,N],
and D ’ O

Figure 2 shows an example of uncorrectable burst
error pattern when w, = 3. Here, 41, tk+2, tx43 Tep-

§ YRS (nyig41) (nyig42)
rebept the positions of row and n, n; """, n; ",
n,&;’”?’) represent the positions of column. A burst er-

(nkra) —ngﬁ’““) +1 which has occurred

k+3
n(”aik+1) +1,.. (n,ik+3)

o s (n,ik+1)
at positions n; N e M3 cannot

be corrected at the first iteration, since nth estimated
symbol ég) would be ég) % Yn.

Theorem 1. The (N,w,,w.) LDPC codes without
loops of length four can correct a burst error of length
b < Dfizn by the BF decoding algorithm at the first
iteration. O

ror of length n

4.3. Burst-error correcting capability at the
first iteration by the SP decoding algorithm

Analysis of the SP decoding algorithm is more com-
plicated than that of the BF decoding algorithm, since
the SP decoding algorithm is a soft-input soft-output
decoding algorithm. Lemma 2 is not always satisfied
when w, takes large value. In that case (e.g. w, = 5,
we = 4, and pare < 0.0611861), the SP decoding al-
gorithm can correct errors at the first iteration when
even number of errors have occurred in a parity-check
equation. However, the LDPC codes with large w,. do
not have better decoding performance in both the de-
coding error rate and its computational complexity, so
we do not consider it to simplify the problem. As is the
case of the BF decoding algorithm, from lemma 1 and
the above mentioned argument, we only consider the
condition that the 7, is not in error and the estimated
sequence at position n at first iteration of the decoding
algorithm is in error, again.

Lemma 4. The burst error correctable length of the SP

decoding algorithm at the first iteration (BECL-SP1)

(€]

at symbol n denoted by s satisfies the following

X min,n
equations:
(1) — : (nvik+wcfw) ("vik+1)
Smin,n - ke[o.u—IBCer] k+w.—x - nkJrl . (11)

k417 k427 ihtwe —a

And the BECL-SP1 denoted by S'") satisfies the fol-

min
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lowing equations:

s =mi in {5V D 12
min min nér[lllgv]{smzn,n}7 ’ ( )

where z is a threshold value.

Proof. Consider that w. — x recieved symbols of po-

" (nyik+1)  (nyik42) (Mo twe—a)
sitions n, T, T e ke [0, —
we + z], such that igy1 # fgto # -+ # fktw,—x are

in errors, then condition S-B) is satisfied, where x is a
threshold value (it is explained in appendix in detail).

(nyiktwe—a) (nyig+1)
k+w.—x ) - nk+_1 +1
which has occurred at positions n,(;ill’““), n&_’é"’“% e

nfﬁil’j:rj’;_x) cannot be corrected at the first iteration.
Therefore, equation (11) holds.

The equation (12) follows from the lemma 2. If
burst error of length b > S,.,;, has occurred, then
at least one parity check equations may have even
number of errors which cannot be corrected at the
first iteration. From equation (11), BECL-SP1 corre-
sponds to the smaller value of minimum value of sg,llznyn,

Vn € [1, N], and Dyyin. O

So, burst error of length n

Theorem 2. The (N,w,,w.) LDPC codes without
loops of length four can correct a burst error of length

b < BW by the SP decoding algorithm at the first

X : min
iteration. O

5. Results of simulation and discussion

We will show by simulations that LDPC codes with
small minimum value of DBEs are inferior to those with

large minimum value of DBEs in error performance
over the MM-BSC.

5.1. Conditions

5.1.1. Construction method

We assume (N;,w,,w.), ¢ = 1,2,3, LDPC codes
with N7 = 103, N, = 10*, N3 = 10°. For each i, we
compared (N;, w,,w.) LDPC codes constructed by the
method G and P with that by the permuted G and
P. We generated three parity-check matrices by the
method G and P. Moreover, we constructed column
permuted parity-check matrices (by the proposed mod-
ification method) from above constructed LDPC codes
to have large minimum value of DBE.

5.1.2. Decoding algorithms

We used the BF and the SP decoding algorithms.
In the case of BF decoding algorithm, we used (N;, 4, 3)
LDPC codes with i = 2, 3, and in the case of SP decod-
ing algorithm, (IV;, 4,3) LDPC codes with ¢ = 1,2. The
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Figure 3: Simulation results by the BF decoding al-

gorithm at pg,.=0.07. Points showed “table 1”7 and
“table 2” in Fig. 3 correspond to those shown in table
1 and table 2, respectively.
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Figure 4: Simulation results by the SP decoding algo-
rithm at pg,.=0.15.

Table 2: The MER and SER of the permuted G.

| 1 ] First | Second | Third [| SER |
Table 1: The MER and SER of the method G. 1 5 40BE-02 | 5.40E-02 | 5.40E-02 1| 3.73E-02
| I ]| First | Second [ Third [[ SER | 2 3.87E-02 | 3.87E-02 | 3.88E-02 || 2.93E-02
1 [[ 5.33E-02 | 4.96E-02 | 4.96E-02 || 4.65E-02 3 || 2.55E-02 | 2.55E-02 | 2.55E-02 || 2.16E-02
) 3 45E-02 | 4.38F-02 | 4.39E-02 || 3.64E-02 98 || 7.45E-06 | 7.50E-06 | 7.21E-06 || 8.62E-06
3 2.96E-02 | 3.33E-02 | 3.33E-02 || 3.11E-02 99 || 7.27E-06 | 7.60E-06 | 7.29E-06 || 8.81E-06
9% || 3.31E-04 | 5.11E-04 | 5.15E-04 || 6.15E-04 100 || 7.48E-06 | 7.54E-06 | 7.43E-06 || 8.64E-06
99 || 3.32E-04 | 5.14E-04 | 5.04E-04 || 6.13E-04
100 || 3.26E-04 | 5.09E-04 | 5.05E-04 || 6.08E-04 figures satisfy p(S1|Sa) + p(Ss|S1) = 1 where the MM-

simulations of the BF (SP) decoding algorithm contin-
ued until 2 x 10* (10%) codewords were transmitted
or numbers of uncorrected codewords reached 50. We
used the average of error probability of the MM-BSC
for the SP decoding algorithm. The maximum number
of iterations was fixed to 100 for both decoding algo-
rithms.

5.1.3. MM-BSC

We assumed the MM-BSC with |S| = 2. Average
of error probability of the MM-BSC is py,e = 0.07 for
the BF decoding algorithm and pg,. = 0.15 for the
SP decoding algorithm. We set the error probability
at each state as Ps, = 0, Ps, = 0.5, and changed
transition probabilities p(S2|S1), p(S1]S2) with keeping
Pave cOnstant.

5.2. Results of simulation

Figure 3 and 4 show results of simulation by the
BF and the SP decoding algorithm. The horizontal
axis represents p(S1|S2)~!, the average of recurrence
time at state So, and the vertical axis represents symbol
error rate (SER). The leftmost plotted points in both
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BSC does not have memory, and hence, is equivalent to
the BSC. So decoding performance of the LDPC codes
constructed by four methods were all identical. For the
plotted points except for the leftmost points, the MM-
BSC has memory. If p(S;]S2)~! becomes larger, it has
longer memory.

Table 1 and 2 show the message error rate (MER)

as error rate of messages rr(,i)n of the first, the second,
and the third submatrices of (N3,4,3) LDPC codes
constructed by the method G and the permuted G when
p(S1|S2) ™t = 23 by the BF decoding algorithm, respec-
tively. The first column of each tables shows the num-
ber of iteration denoted by [. The second, the third,
and the fourth columns show the MERs per iterations
of each submatrices and the fifth column shows SERs

per iterations.

5.3. Discussions

We see that performance of the LDPC codes con-
structed by the method G are inferior to codes con-
structed by the other methods, including the permuted
G. It can be concluded from figure 1 that only the
method G differed from the other methods. In fig-
ure 3, the SER of all the methods except the method
G at 2! < p(S1]S2)7! < 2* when N = N, and at



21 < p(S1]92)7! < 27 when N = N3, were almost
same and constant. This means that the MM-BSC at
this range can be regarded as BSC.

In section 4, we have derived burst error correcting
capability at the first iteration for both decoding al-
gorithms which depend on the DBEs. Recall that the
DBEs of a first submatrix of the method G, H(Gl) are
all 1, so the even number of errors have been likely oc-
curred in a parity check equation. From lemma 2, it
cannot be corrected at the first iteration by the BF de-
coding algorithm. From table 1, the MER of the first
submatrix of the method G differed from those of the
other submatrices. However, from table 2, the MERs
of all the submatrices of the permuted G were almost
identical to each other. And the SERs per iteration of
the method G were inferior to those of the permuted G.

The threshold value takes x = 0 when w,. = 3 and
Pave = 0.07, so the SP decoding algorithm cannot also
correct at the first iteration. We have confirmed that
the SERs per numbers of the iteration of the method
G at figure 3 and 4 were also inferior to those of the
other methods.

6. Conclusion and remarks

For the MM-BSC, we have proposed a new mod-
ification method of LDPC codes to have large values
of DBE. We have derived the burst error correctable
length of the LPDC codes by the BF and the SP decod-
ing algorithms at the first iteration, respectively. Then
we show by some results of simulation that proposed
method have robustness in error performance over the
MM-BSC, assuming iterative decoding algorithms.

As further works, the derivations of the burst er-
ror correctable length of iterations greater than one
are needed. We also need to derive the burst error
correctable length when two or more burst errors are
occurred in one codeword. Moreover, analysis for the
code with stopping sets [2] should be considered.
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Appendix : Derivation of a threshold value x

Consider that a transmitted symbol ¢ = 0 and its re-
ceived symbol y = 0 (the corresponding LLR takes

P % > 0), then its estimated symbol at first

iteration of the SP decoding algorithm denoted by ¢,
is given by the following equation:

A(1) 0, if A+ (w.—e)a—ea>0;
& o= :
1, otherwise,

(13)
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where a be the log extrinsic value ratio (LER) which
is denoted by

a2 2tanh ™! ((tanh(?‘l)\))wrl) )

and e is the number of LER taking value —a. So, we
must derive the threshold value x which is given by
A+ (we — x)a —zae > 0, we > x, x>0, (14)
The equation (14) indicates that w. — = check nodes
have sent messages (which are correspond to «) whose
sign is the same as that of X\. It also indicates that x
check nodes have sent messages (which are correspond
to —a) whose sign is different from that of \. After
manuscripting the equation (14), we get
L-{0 if | Aeee | < 0;
o L’\JFQ%J , otherwise.
The same argument is also valid when ¢ =1, y = 1, if
Pr(¢ =0) = Pr(c=1) = 0.5 is assumed. i

(15)
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