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Abstract— Tail biting trellis codes and block concatenated
codes are discussed from random coding arguments. Er-
ror exponents and decoding complexity for generalized tail
biting (GTB) random trellis codes, and their relationships
are derived, where the GTB trellis codes consist of full tail
biting (FTB) trellis codes, partial tail biting (PTB) trellis
codes and direct truncated (DT) trellis codes. We show that
the PTB trellis codes at all rates except for low rates are
superior among the GTB trellis codes, in a sense that they
have smaller upper bound on the probability of decoding
error for given decoding complexity. We then propose the
generalized version of the block concatenated codes con-
structed by the GTB trellis inner codes, and derive error
exponents and the decoding complexity for the proposed
code. The results obtained show that the DT trellis in-
ner codes are effective among the GTB trellis inner codes
for constructing the generalized version of the concatenated
codes to keep the same decoding complexity as the original
concatenated codes.

Keywords— block codes, concatenated codes, error expo-
nent, generalized tail biting trellis codes, decoding complex-
ity, asymptotic results

1 Introduction

Generalized tail biting (GTB) trellis codes [7] are
known to be one of the most powerful codes for con-
verting trellis codes into block codes with no loss in
rates. The GTB trellis codes consist of full tail bit-
ing (FTB) trellis codes, partial tail biting (PTB) trellis
codes and direct truncated (DT) trellis coeds. Since
the FTB trellis codes require an intolerable increase in
decoding complexity, much efforts have been devoted
to the studies on suboptimum decoding algorithms for
the FTB trellis codes [1, 7] or efficient maximum like-
lihood decoding algorithms for the GTB trellis codes
[9]. Unfortunately, however, the decoding complexity
of the latter algorithms in worst cases is the same as
that of the complete maximum likelihood decoding al-
gorithm, although it is asymptotically the same as that
of the Viterbi algorithm when the signal to noise ratio
becomes large.

On the other hand, we assume the using of complete
maximum likelihood decoding of the GTB trellis codes,
since we are interested in random coding arguments.
The g-ary GTB trellis code can be constructed as fol-

*

Department of Industrial and Management Systems Engineer-
ing, School of Creative Science and Engineering, Waseda Uni-
versity, 3-4-1 Ohkubo Shinjuku, Tokyo, 169-8555 JAPAN. E-
mail: hira@Qwaseda.jp

T Faculty of Informatics, Osaka Gakuin University 2-36-1,
Kishibe-minami, Suita, Osaka, 564-8511 JAPAN. E-mail:
kasahara@ogu.ac.jp

and

918

Masao Kasahara |

lows: Let the encoder be initialized by the last part
v'(< v) symbols of the information symbols of length
u, where v is the constraint length of the trellis code,
and ignore the output of the encoder corresponding to
v’ information symbols. Next input all u information
symbols into the encoder and output the codeword of
length N = ub, where rate r is defined by r = §1Ing.
We then have a (ub,u) block code over GF(g). Note
that the case of v' = v gives the FTB trellis code, and
v’ = 0, the DT trellis code. We have analyzed error
exponents and decoding complexity for the FTB ran-
dom trellis code and the block concatenated [2] with
the FTB trellis inner codes [4, 5].

In this paper, we discuss the GTB trellis codes and
the block concatenated codes with the GTB trellis in-
ner codes. There is a possibility such that the prob-
ability of decoding error for the GTB trellis codes is
smaller than that of ordinary block codes with the same
decoding complexity, even if complete maximum like-
lihood decoding of the GTB trellis codes is performed.
We derive the error exponents and the decoding com-
plexity for the GTB trellis codes. We show that the
PTB trellis codes at all rates except for low rates are
superior among the GTB trellis codes, in a sense that
they have smaller upper bound on the probability of
decoding error for given decoding complexity. The DT
trellis coeds are compared with the terminated trellis
codes. We then propose the generalized version of the
block concatenated codes [6] constructed by the GTB
trellis inner codes, and derive the error exponents and
the decoding complexity for the proposed code. The
results obtained show that the DT trellis inner codes
are effective among the GTB trellis codes for construct-
ing the generalized version of the concatenated codes
to keep the same decoding complexity as the original
concatenated codes [2].

Throughout this paper, assuming a discrete mem-
oryless channel with capacity C, we discuss the lower
bound on the reliability function (usually called the
error exponent) and asymptotic decoding complexity
measured by the computational work [8].

In Section 3, the error exponents and the decoding
complexity for the GTB trellis codes are derived. The
term o(1)s are disregarded, since we are interested in
an asymptotic behavior. In Section 4, the block con-
catenated codes [2] and their generalized version [6] are
discussed. The term o(1)s will appear, since the de-
coding complexity of the concatenated codes is given
by a polynomial order in the code length. Section 5
describes conclusions and further works.



Table 1: Asymptotic results on error exponents and decoding complexity for block codes

Block code error exponent | decoding complexity | upper bound on Pr(-)
Ordinary block code E(R) exp[NR] G-
Terminated trellis code E(R) [3] q° —lpe B
GTB trellis code (Theorems 1 and 2)

DT trellis code (6" = 0) E(r) [3] ¢ G5

PTB trellis code (0 < 8" < §) eq(r) gt G T 2t

FTB trellis code (§' = 0) eq(r) g%’ G-

2 Preliminaries
2.1 Block codes

Let an (N, K) block code over GF(gq) be a code of
length N, number of information symbols K and rate
R, where

Rzglnq

N (K < N). [nats/symbol]

(1)
From random coding arguments for an ordinary block
code, there exists a block code of length N and rate R
for which the probability of decoding error Pr(£) and
the decoding complexity G satisfy
Pr(€) < exp[-NE(R)] (0<R<C)  (2)
and
G ~ exp[NR], 3)

where E(-) is (the lower bound on) the block code ex-
ponent [3], and the symbol ”~” indicates asymptotic
equality™.
2.2 Trellis codes

Let a (u,v,b) trellis code over GF(q) be a code of

branch length u, branch constraint length v, yielding b
channel symbols per branch and rate r which satisfies

7
~

1
r=y Ing. [nats/symbol] 4)
Hereafter, we denote - by a parameter 6, i.e.,

9 =

gle

(0<6<1). (5)
Letting

N =ub (6)

for direct truncated (DT) trellis codes and for termi-
nated trellis codes, results derived are shown in Table
1, where e(-) is (the lower bound on) the trellis code
exponent [3] (See [5] Appendix A).

* Strictly speaking, G ~ NZ2exp[NR] holds, since likelihood
comparisons between two codewords require N logical op-

erations and N shift operations, and the maximum num-
ber of comparisons of codewords is exp[NR]. We have used
NZexp[NR] = exp NR[1+o(1)], o(1) = 2N — 0 as N —
00, where the term o(1) is ignored in (3).

T Terms in an exponent part of G are taken to be minimum for
given 0 < 6 <6< 1.
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Table 1 shows the error exponents and the decoding
complexity for block codes. In this table, the rate R of
the terminated trellis code is given by [3]:

v)r

R:(“_T:u—e)r. (7)

Note that the following equation holds between E(R)

and e(r) [3]:
()

which is called the concatenation construction [3].

R

E(R) m

max (1 — p)e (8)

0<pu<l

3 Generalized tail biting trellis codes
The GTB trellis code is introduced as a powerful
converting method for maintaining a larger error ex-
ponent with no loss in rates, although the decoding
complexity increases. The GTB trellis codes can be
constructed as follows [7]: Suppose an encoder of a
(u,v,b) trellis code. First, initialize the encoder by in-
putting the last v’ information (branch) symbols of u
information (branch) symbols, and ignore the output
of the encoder. Next, input all » information symbols
into the encoder, and output the codeword of length
N = ub in channel symbols. As the result, we have
a (ub,u) block code of rate r = §1Ing over GF(q) by

the tail biting method. Hereafter we denote % by a
parameter 6’ i.e.,

o ==
-

9)

The GTB trellis codes are composed of:

(i) Direct truncated (DT) trellis codes for v' = 0
(6" = 0);
(ii) Partial tail biting (PTB) trellis codes for 0 < v' <
v(0< 8 <f<1); and
(iii) Full tail biting (FTB) trellis codes v' = v (6
6 <1).

3.1 Exponential error bounds for GTB trellis
codes
Theorem 1 There exists a block code of length N and
rate r obtained by a GTB random trellis code with
0 < 6" <6 <1 for which the probability of decoding
error Pr(€) satisfies
Pr(&) < exp[—Neg(r)]

0<r<C) (10)



where

min{fe(r), E[(1 — 6')r], E(8'r)}
0<6 <6<1). (11)

eq(r) =

Proof: Let w be a message sequence of (branch) length
u, where all messages are generated with the equal
probability. Rewrite the sequence w as

W= (Wy—y, Wy) (12)

where w,,_, is the former part of w (length u — v),
and w, = (W, ,w,_,) the latter part of w (length v).
First initialize the encoder by inputting (w,s,0°"""),
where 0™ is all 0 sequence of length m. Next input
w into the encoder. Then output the coded sequence
x of length N = ub ¥. Suppose the ¢°" Viterbi trel-
lis diagrams, each of which starts at the state s;(i =
1,2,--- ,q”') depending on w,s, and ends at the state
sj € S;, where the number of the states s;, i.e., |S;], is
¢"~"" [7]. The Viterbi decoder generates the maximum
likelihood path w(? in the trellis diagram for starting
at s; and ending at s; € §;. Computing max; w = w,
the decoder outputs w. The decoding error occurs
when {w # w}. Without loss of generality, let the
true path be w = 0* which starts at s; (and ends at
s1). We then have three types of decoding error, i.e.,
81, 82, and 83.

The probability of decoding error Pr(€;) within the
trellis diagram starting at s; (and ending at s;) for a
(u,v,b) random trellis code is given by [3]

Pr(&1) < KiNexp[-vbEo(p)] (0<p<1)

= exp{=Nf[e(r) —o(1)]} (13)

where an error event begins at any time and o(1) =

%ﬂ%OasN%oo.

The probability of decoding error Pr(€s) within the
trellis diagram starting at s; and ending at s; € &1

(j #1) is given by [3]

q"="? exp{—ubEy (p)}
= exp{—N[Eo(p) — p(1—0")r]}
exp{—NE[(1 — 6]}, (14)

Pr(52)

IN

since the number of the possible adversaries is ¢"~* —1.

While the probability of decoding error Pr(&3) within
trellis diagrams starting at s;(i # 1, ¢ = 2,3,-- -,q”')
and ending at s; € S; is also given by

Pr(&) < q¢%exp{—ubEo(p)}
exp{—N[Eo(p) — pt'r]}

exp[-NE(#'r)], (15)

since the number of the possible adversaries is ¢ — 1.

¥ Note that GTB random trellis coding requires every channel
symbol on every branch be chosen independently at random
with the probability p which maximizes Eo(p,p) on nonpatho-
logical channels [3].
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From (13),(14) and (15), the probability of over-all
decoding error Pr(€) is bounded by the union bound:

Pr(&)

IN

Pr(El) + Pr(Eg) + Pr(Eg)
exp{—Nleg(r) —o(1)]}, (16)

where e (r) is given by (11) and o(1) = %+1"T3 —

0 as N — oo. Disregard of the term o(1) in (16) gives
(10). O

In our previous paper [4, 5], we have discussed the
FTB trellis codes, where we restricted ourselves to be
0<d< %, since larger error exponents which are domi-
nated by e(-) are obtained and the decoding complexity
for the block concatenated code with the FTB trellis
inner codes is remained to that of the original concate-
nated codes.

Coloraly 1 (FTB trellis codes [4, 5]) The probability
of decoding error Pr(&) for the FTB trellis codes with
0 < 6 < § satisfies

Pr(€) <exp[—Nbe(r)] (0<r<C) (17)
and the decoding complexity G for the FTB trellis
codes is given by

G ~ ¢*" = exp[2N0r]. (18)

d

Comparison between the DT trellis codes and ter-
minated trellis codes leads the following corollary.

Coloraly 2 The DT trellis codes have a smaller upper
bound on the probability of decoding error than both
the terminated trellis codes and the ordinary block
codes at the same decoding complexity.

Proof: See Appendix A. a

Example 1 On a very noisy channel, the exponents
for the GTB trellis codes are depicted in Figure 1. We
see that

(a) The largest exponent is obtained at ' = 0.5 for
1 < 6 <1, since E[(1 — 6")r] = E(6'r) holds,
hence the PTB trellis codes are the best among
GTB trellis codes from the view-point of error
exponents.

(b) While the largest exponent is obtained at § = 6’
for 0 < 6 < %, hence the FTB trellis codes are
the best among the GTB trellis codes.

d

3.2 Decoding complexity for GTB trellis codes

The maximum likelihood decoder for the Viterbi al-
gorithm requires u?¢"™! comparisons (See derivations
in [5] Appendix A) for each trellis diagram and per-
forms them in parallel for q”l trellis diagrams for the
GTB trellis codes. We then have Theorem 2, where
u?q" T = ugq" T = exp{Nr[9+6'+0(1)]} (o(1) =

(2ln:b+rlnq — 0as v — o0) and ¢ = exp[br] are used.



theta’=0.5 ——
theta’=0.4
theta’=0.3
theta’=0.2
theta’=0.0 ———-

e G

Figure 1: Error exponents eg(r) for GTB trellis codes
for a very noisy channel.

Theorem 2 The decoding complexity G of the GTB
trellis code is given by

G~g" ™ =exp[N@O+6)] (0<6 <6<1) (19)

O

The results derived in Theorem 1 and Theorem 2 are
also shown in Table 1.

3.3 Upper bound on probability of decoding
error for same decoding complexity

Next, we evaluate the probability of decoding error
Pr(&) by taking into account the decoding complexity
G so that coding methods can be clearly compared [3].

Let us assume that the code length N and rate R =
r are the same for all conversion methods. To rewrite
Pr(&) in terms of G for the ordinary block codes, we
have G ~ exp[NR] from (3), i.e.,

N~ %m a. (20)

We then have [3]

E(R)

Pr(§) < G~ R (21)

Since (19) holds for the GTB trellis code, we have the
following corollary.

Coloraly 3 For the GTB trellis code, we have

Pr(€) <G00, (22)

G50 min{fe(r), E[(1 — 8')r], E(8'r)},

(23)
and the term gg(r) in an exponent part of G is taken
to be minimum for given 0 < #' <0 < 1.

Proof: See Appendix B. a

A similar derivation gives the evaluations for the
DT trellis code and for terminated trellis code as shown
in Table 1, where ¢¥ = exp[vbr] = exp[IN6r] holds (See
[5] Appendix C).
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Figure 2: Exponents gg(r) of G for very noisy channel.

Example 2 On a very noisy channel, the exponents
ga(r) of G in (23) for the GTB trellis code are shown
in Figure 2. We see that

(a) For % < 0 <1, gg(r) is the largest at §' = 0.5,
hence the PTB trellis codes are the best among
the GTB trellis codes at all rates except for low
rates. The DT and FTB trellis codes have smaller
values of gg(r) than the PTB trellis codes.
While for 0 < 6 < 1, gg(r) is the largest at
6 = 0, hence the FTB trellis codes are the best
among the GBT codes, and the DT trellis codes
have smaller values of g;(r) than the FTB trellis
codes.
Assuming § = £ and 0 < ¢’ < 1, E[(1-6")r] <
E(#'r) holds, since E(r) is a decreasing function
of r. When 7 = Reomp = %, we can easily see
that gg(r) = Ml 2000
function of . We cazn also recognize that larger
exponents gg(r) are obtained when §' = @ for
medium rates, hence the FTB trellis codes at high
rates except for near capacity are the best among
the GTB trellis codes.

1

is an increasing

d

4 Generalized version of concatenated

codes with GTB trellis inner codes
In our previous paper [4, 5], we have discussed the
concatenated codes Ct with the FTB trellis inner codes.
By using the FTB trellis coeds as the inner codes, we
can attain a larger error exponent without increasing
the decoding complexity of the concatenated codes.
The result obtained is summarized in Lemma 1.

Lemma 1 [4, 5] There exits a block concatenated code
Cr of length Ny and rate Ry for which the probability
of decoding error Pr(€) satisfies

0<Ry<C
(24)

Pr(€) < exp[—Nobec(Ro)] (0 <6< %,



where

(25)

and the over-all decoding complexity Go for a block
concatenated code Cr of length Ny is give by

Go = O(N2log® Np) <o <0< %) (26)

O

Note that ec(Ro) = E(Rp) holds for 0 < Ry < C,
hence larger error exponents are successfully obtained
by using the FTB trellis code as the inner code. Eq.
(26) holds as far as 8 + 60’ < 1.

For the case of the generalized version of concate-
nated codes C(/) [6], the situation will be considerably
changed. Since the codes CY) requires J (n,k) RS
codes as the outer codes, n = ¢7 must be satisfied [6].
This implies that we must choose 6 + 6’ %, since
the decoding complexity of the inner codes is given by
O(n'*t7(+9) 1og® n), hence a small 8 results in a small
error exponent from (10) and (11). Consequently, we
may choose the DT trellis codes as the inner codes of
codes C).

We have used the terminated trellis codes as the
inner codes for codes C(’) [6] to reduce the over-all de-
coding complexity. The following theorem states that
the performance of the DT trellis codes with 6’ = 0
and § = % is the same as that of the terminated trellis
codes.

Theorem 3 The probability of decoding error for the
codes C) with the DT trellis inner codes is the same
as that with the terminated trellis inner codes [6]. The
decoding complexity for the codes C/) with the both
inner codes is given by O(NZ log® Ny), where Nj is the
over-all length of the codes C(*). ]

The result obtained in Theorem 3 shows that the
DT trellis inner codes are effective among the GTB
trellis codes for constructing the codes C(/) to keep the
same decoding complexity as the original concatenated
codes.

5 Concluding remarks

We have derived the error exponents and the decod-
ing complexity for block codes converted from the GTB
trellis codes. We have shown that the PTB trellis codes
at all rates except for low rates are superior among the
GTB trellis codes, in a sense that they have the small-
est upper bound on the probability of decoding error
for given decoding complexity. This result suggests us
that we can attain high performance by the PTB trel-
lis codes with a careful choice of the parameter 6’ for
given 6. It has been also clarified that the DT trellis
inner codes are effective among the GTB trellis codes
for constructing the generalized version of concatenated
codes C7) to keep the same decoding complexity as the
original concatenated codes.
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A detailed analysis on upper bounds on the proba-
bility of decoding error for the GTB trellis codes with
different parameters § and 6’ at the same decoding
complexity will be in further investigation. Although
the random coding arguments suggest some useful as-
pects to construct the code, we should note to make
them applicable to a practical code, which is also a
future work.
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A Proof of Corollary 2

From Table 1, we see that

S 0B 50 (ococt)
and
( _g;%E(R) < EE%R) < Ee(:) <% <h< 1) . (29

completing the proof.

B Proof of Corollary 3
Substitution of (19) into (10) after a little manipu-
lation gives

Pr(£) < exp[—Neg(r)]
_ g o)
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