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1. Introduction 1. Introduction
Coding Theorem ... random coding arguments

e existence of a code
e essential behavior of the code
e quantitative evaluation
Pr(&) : probability of decoding error
R : rate
G : decoding complexity

Coding theorem aspects — practical coding problem
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1. Introduction

e Generalized tail biting (GTB) trellis codes
c.f. Ordinary block codes/Terminated trellis codes

-Direct truncated (DT) trellis codes [3]
- Partial tail biting (PTB) trellis codes
-Full tail biting (FTB) trellis codes [4,5]

e Generalized version of concatenated codes with
generalized tail biting trellis inner codes ---
Codes ((7)[6]

e inner codes --- GTB trellis codes

e outer codes --- J Reed Solomon (RS) codes
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2. Preliminaries 2. Preliminaries
2.1 Block codes
(N, K) block code

N N code length
-~ K  number of ,
% ; information symbols
R:  rate
K
R = N Ing [nats/symbol] (1)
Pr(€) <exp[-NE(R)] 0< R<C(C) (2)
G ~ exp|NR] (3)

E(R): block code exponent
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2.2 Trellis codes 2. Preliminaries
(u, v, b) trellis code

________________________________________________________

U . branch length
}4_ v — V. branch constraint length
b number of channel
' symbols / branch
r. rate
1
r=y Ing [nats/symbol] (4)
Pr(&) < exp|—wvbe(r)] (0 < r < C)
G ~ q"°

e(r): trellis code exponent

parameter g — (0<6<1)
U
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Block codes converted from trellis codes 2. Preliminaries
(N, K) terminated trellis code [3]

= ©  Pr(e) < expl-NE(R)
= Uu
E(R) = L—pwe(R/u) (8
R=(1-0r () D= g (L wellt/u) )
0.6 e(r)

E(R)/C, e(r)/C
o

0 0.5 1
R/C, r/C

Fig.0: Block code exponent and trellis code exponent for very noisy channel
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3. Generalized tail biting trellis codes 3. GTB trellis codes
(N, K) GTB trellis code

V.o u — i v
: a : — 0= —
IR R
g /
1 : S Y v
5 ,,"SjESi;Q——
v’ ’ v’ ’ |
/
1 PR
N=ub, K=u, r= Elnq parameter §' — — (9)

U

(i) DT (direct truncated) [3]: o/ = 0 (9’ =0)
Pr(€) < exp|[—NE(r)]
(i) PTB (partial tail biting): 0 < v’ <v (0<f <6<1)
(iii) FTB (full tail biting) [4, 5]: o' = v (9’ = 0)
Pr(€) < exp[—Noe(r)] (0<6<1/2)
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3. GTB trellis codes

Starting states Ending states Starting states Ending states

§1 — (an)a Sl — {(an)} §1 — (070)7 Sl — {(070)7 (Oa 1)}
s2=1(0,1), S2=1{(0,1)}
s3 = (1,0), S3={(1,0)} s3=1(1,0), S3={(1,0),(1,1)}
S4 — (17 1)7 84 — {(19 1)}

(a) FTB trellis code for V=V’ =2  (b) PTB trellis code for V=2, and v’ =1

Figurel: Examples of FTB and PTB trellis codes
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3.1 Exponential error bounds for GTB Trellis 3. GTB trellis codes
codes

[Theorem 1] GTB trellis code

For 0 <0 <06<1

Pr(€) <exp|—Neg(r)] (0<r<C) (0

where

ec(r) = min{fe(r), E[(1 — 0')r], E(6'r)} ()
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3. GTB trellis codes

true path : QY
£ :startsat s; = 0V and ends at 57 = 0"
Eo :startsat s = 0V and ends at Sj € S1 \ 51
Ea :startsat s; = 0” (i #1)andendsat s; € S1 \ s1
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3. GTB trellis codes

_______________________________________________________________________________________________________________________________

Pr(£1) < KiNexp|—vbEy(p)] (0<p<1) |
— exp{—NO[e(r) — o(1)]} 13

E9 S1 |

Pr(&) < ¢ )P exp{—ubEy(p)}

exp{—N[Eo(p) — p(1 - 0')r]}
= exp{-NE[(1 - ¢)r]}, (14) |

_______________________________________________________________________________________________________________________________
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3. GTB trellis codes

< true path
; 51 ’[ . 55 €51
S
’ 02 ® Sj c 82
q° —1 |
SQU! I

° Sj - Sq,vl

Pr(€3) < ¢"7exp{—ubEo(p)}
= exp{—N[Eo(p) — p0'r]}
Pr(€) < Pr(&1) + Pr(&) + Pr(&s)
< 3exp[—N min{fe(r), E[(1 — 6")r], E(6'r)}] (16)



[Example 1] GTB trellis codes for Very Noisy Channel
= min{fe(r), E[(1— 6")r], E(0'r)}

ea(r)
o E= 0]
' 6
» <(7)
o N .
S PANGN:GITE
N ec(r)  TN\/
0
0 0.2 0.4 0.6 0.8
r/ C

(a) PTB Trellis codes, (1) 0 =0.8,0' =0.5

E[(1— 0)r]

1

> Oe(r)

f%;(r){§7

0.6

0.5

4
0.3
0.2
0.1

0
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3. GTB trellis codes

E[(l — 6')r]

/96

NN\ E(@'r)
N \\

TY\\\ \\

0

0.2

0.4

0.6 0.8

r [ C
(2) 6=038,0 =0.3

0<r<CO)

[3]

1
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3. GTB trellis codes
[Example 1] GTB trellis codes for Very Noisy Channel
ec:(r) = min{fe(r), E[(1 — 6")r], E(6'r)}

0.6 0.6

B[(1 - )] B[(1 - )]
0.5 / (o) 0.5
O 04 " O 0.4
~ ~
o3 9/6(?")\\ o3 N~ B()
Do AN NN
ea(r)) S - 7
ec(r)
0 ' ' ' ' 0 ' '
0 02 04 06 08 1 0 02 04 06 08 1
r/C r/C
(b) FTB Trellis codes, (1) # = 0.5,0’ = 0.5 (2) 6=0.3,0 =0.3

El(1—-0)r] >f0e(r) (0<r<C) 3]



N
05
0.4 F
03 | \ ]
02 F
01 F B
0p
0.
0.2
0.6
F/C

(a) PTB trellis codes ( 0 = 0.5)
(b) FTB trellis codes (6 = 6")

No. 15
3. GTB trellis codes

= 0.5
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3. GTB trellis codes

[Corollary 1] FTB trellis code [4]:

Pr(€) < exp[—Nbe(r)] (0<r <C) (17)
(0<6<3)
G ~ ¢*Y = exp[2NOr] (18)

[Corollary 2] upper bounds on Pr(£)

Ordinary block codes _
> DT trellis codes

Terminated trellis codes

error decoding upper bound on
exponent complexity Pr(-)
Terminated trellis codes [3]: F(R) q’ a5 TR
DT trellis codes: E(r) q° G-t
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3. GTB trellis codes
3.2 Decoding complexity for GTB trellis codes

[Theorem 2]

Grg" T =exp[N(O+0)r] (0<60 <6<1) (19)
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3.3 Upper bounds on probability error for 3. GTB trellis codes
same decoding complexity

(N, K) block code

G ~ exp|NR| (3)
Pr(€) < exp[-E(R)]
i
[Corollary 3] GTB trellis codes:
Pr(&) < G—9¢(7) (22)

where

1

min{fe(r), E[(1 — 6")r], E(0'r)}

gG(T) — (9 + 9’)?"




[Example 2] GTB trellis codes for Very Noisy Channel

r/C

No. 19

3. GTB trellis codes
g’ =0.5
————— g’ =0.4
-------- g’ =0.3
........................... 94’ = 0.2
e 9; = 0.0

(@)1/2 < 6 < 1: PTBtrellis codes ( §’ = 0.5 except for low rates)
(b)0 <6 <1/2: FTB trellis codes (6 = 6')
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Table 1: Asymptotic results on error exponents and decoding complexity for block codes

No. 20
3. GTB trellis codes

Block code error exponent | decoding complexity | upper bound on Pr(-)
Ordinary block code E(R) exp[NR) a2
Terminated trellis code E(R) [3] q° o B g
GTB trellis code (Theorems 1 and 2)

DT trellis code (8" = 0) E(r) [3] 7 G- EL

PTB trellis code (0 < 8" < 8) eq(r) qt'+1" G‘ﬁ‘?’iﬁ# +

FTB trellis code (8" = @) eq(r) e G- &2
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4. Concatenated

4. Generalized version of concatenated codes codes
with GTB trellis inner codes

[4]

Example 2 The case of 8 = % gives the largest error
exponent for the code Cr with the same overall de-
coding complexity for the code Cp and for the code C.
On a very noisy channel, the error exponent for the
code Cr is larger than that for the code C, except for
0 < Ry <0.06C. Substitution of (D.1) and (D.2) into

(25) and (21), respectively, gives Fig. 2. O
ﬂ.4 T T U T T T T
|
i 1 :
) 1|| zec(fo)
= 0.3Nn (Code Cr) 7
2
- |

4
F]

Feo(Ro)/C,

4 Fig.2: Error exponents for code C
and code Cz for very noisy channel

=
i -
b
sy
o
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4. Concatenated
codes
Generalized version of concatenated codes with GTB trellis codes

[Lemma 1] [4, 5]: (J=1)

Pr(€) < exp|—Nybec(Ry)] (0 << -, 0<Ry< C)

N —

where

ec(Ry) = max (1_@) e(r)

O<r<C T
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4. Concatenated

codes
error decoding upper bound on
exponent complexity Pr(-)
Terminated trellis codes [6]: | FE(R) q’ Q-7 o
E(r
DT trellis codes: E(r) q* G-
Length of outer code n = q%,

Decoding complexity of inner code O(n1t/(0+0) 1092 )

[Theorem 3] Generalized version of concatenated codes ¢() (J > 1)[6]:

With the DT trellis inner codes
Pr(€) < exp[-NoEY ) (Ro)] (0< Ry < C)

where

Eg)(RO) = max(l - RO) - ! E(R)
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4. Concatenated
codes

0 0.2 0.4 0.6 0.8 1
Ro/C

Figure 6: (a) Code (/) with DT trellis inner codes over a very noisy channel
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4. Concatenated

codes
[Theorem 4] Code c)
With the GTB trellis inner codes
Pr(€) < exp[~Noet!) (Ro)] 29
where
(J) _ R J
ecr’(Rp) = max,(1 —=72) e ]ec;(fr').
7=eq(d)
GhT (30)
Decoding complexity
O(N§ log? Np), J=1;
G(Np) =
(No) { O(NITIOF) 16g1-1(0+8) Ny 7> 2, OV
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4. Concatenated
eg) (Rg)/C codes

60)(R0) eGO(’r‘) (0 =1,/ =0.5)

p = 1 e
N \\%/
0.2
\/J 8 \\\\\\\
0.1

O \ \ A
0 0.2 0.4 0.6 0.8 1
Ro/C

Figure 6: (b) Code (/) with PTB trellis inner codes over a very noisy channel




b

PTB

0.5 oo ,

/
Figure 7: Optimum parameters 00 and 90 over a

very noisy channel
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4. Concatenated
codes
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5. Concluding remarks 5. Remarks
(1) GTB trellis codes over Very Noisy Channel

1/2<6<1 (0 =0.5): PTB
0<0<1/2 (6=0"): FTB

(2) Generalized version of concatenated codes C' (/)
* Exponent + Decoding complexity

- Terminated trellis codes = DT trellis codes

Inner codes: O(nN2eN1) = O(n?log” n)
Outer codes: GMD O(ndlog*n) = O(n%log*n) (J =1)
E-O O(nlog"n) (J=1)

Over-all decoding complexity is dominated by that of inner codes!
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5. Concluding remarks 5. Remarks
(3) Generalized version of concatenated codes C (/)

GTB trellis inner codes --- PTB trellis codes

- Linear error exponent + large decoding complexity
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